The nuclear (n; t)−reaction of the three-electron 6 Li atom with thermal/slow neutrons is considered. An effective method has been developed for determining the probabilities of formation of various atoms and ions in different bound states. We discuss a number of fundamental questions directly related to numerical computations of the final state atomic probabilities. A few appropriate variational expansions for atomic wave functions of the incident lithium atom and final helium atom and/or tritium negatively charged ion are discussed. It appears that the final 4 He atom arising during the nuclear (n, 6 Li; 4 He, t)-reaction in the three-electron Li atom can also be created in its triplet states. The formation of the quasi-stable three-electron e − 3 during the nuclear (n; t)−reaction at the Li atom is briefly discussed. Bremsstrahlung emitted by atomic electrons accelerated by the rapidly moving nuclear fragments from this reaction is analyzed. The frequency spectrum of the emitted radiation is investigated. *
I. INTRODUCTION
The nuclear reaction of the 6 Li nuclei with the thermal (and slow) neutrons is written in the form [1] 6 Li + n = 4 He + 3 H + 4.785 MeV
where the notations 4 He and 3 H stand for the helium nucleus (also the called the α−particle, or α, for short) and tritium (or t) nucleus. The cross-section σ of this nuclear reaction for thermal neutrons with E n ≈ 0 is very large σ max ≈ 960 · 10 −24 cm 2 (or 960 barn) [2] .
The velocities of the two nuclear fragments formed in the reaction, Eq.
(1), with thermal neutrons are v t ≈ 6.03986 a.u. and v α ≈ 4.52989 a.u. for the tritium nucleus and α−particle, respectively. In this study all particle velocities are given in atomic units, whereh = 1, m e = 1, e = 1 and the unit of atomic velocity is v e = αc ≈ In reality, at normal conditions the nuclear reaction, Eq.
(1), occurs in the three-electron 6 Li atom. Therefore, the electron density of the original Li atom is re-distributed somehow between the two new nuclei created in the reaction, Eq.(1). The newly created atomic nuclei move rapidly with velocities which significantly exceed average velocities of atomic electrons in the incident Li atom. The re-distribution of electron density of the incident atom between two rapidly moving nuclei leads to the three following processes: (1) formation of the final atoms and/or ions in a variety of different excited states, (2) emission of breaking radiation (or bremsstrahlung) by the accelerated electrons, and (3) formation of the spatially isolated quasi-stable three-electron system e − 3 . The first goal of this study is to evaluate the final state (atomic) probabilities for the reaction Eq.(1). Briefly, we want to determine approximate probabilities to detect the helium and tritium atoms, and He + and 3 H − ions in their bound
states. Note that all newly created atomic fragments from the reaction, Eq.(1), move rapidly even in the case of thermal and slow neutrons. The accurate theoretical prediction of the final state probabilities for rapidly moving atomic fragments is not trivial. Moreover, addressing this problem reveals a large number of unanswered fundamental questions. In this study we have discovered, among other things, that the final 4 He atom can be formed not only in the singlet spin states, but in a number of triplet states also. Another interesting possibility is the formation of the quasi-stable three-electron system e − 3 during the nuclear reaction, Eq.(1). The e − 3 system contains no positive (heavy) particles and has a number of unique properties. In this study we also want to analyze the electromagnetic radiation (or bremsstrahlung) emitted after the nuclear reaction, Eq.(1), in the three-electron Li atom. It is shown below that the frequency spectrum of such radiation essentially coincides with the well known bremsstrahlung spectrum.
II. SUDDEN APPROXIMATION AND ELECTRON DENSITY MATRICES
As we have mentioned above the rate of the nuclear reaction, Eq.(1), is substantially faster (10,000 times faster) than the rates of atomic transitions in the incident Li atom.
Moreover, the two new nuclei ( 4 He and 3 H) arising in this reaction move with the velocities which are significantly larger than the corresponding electron velocities in the incident Li atom. This means that to determine the final state probabilities (i.e. probabilities to find newly formed atomic systems in some final states) we can apply the so-called sudden approximation [3] , [4] , [5] . Note also that after the nuclear reaction, Eq.(1), in the threeelectron Li atom we have to deal with three new sub-systems. Two of these systems are the positively charged 4 He and 3 H nuclei rapidly moving from the reaction area (fast subsystems). The third (slow) sub-system includes three electrons remaining in the reaction area, i.e. the three-electron e − 3 (or tri-electron). These three electrons are left from the incident Li atom and their wave functions still keep information about the original atom which disappeared during the nuclear reaction, Eq.(1). Interactions between these three sub-systems produce all phenomena mentioned above, i.e. formation of the different atomic species in a variety of bound (and unbound) states and emission of breaking radiation.
Suppose we want to determine the probability that the rapidly moving 4 He nucleus takes one of the three atomic (Li) electrons remaining unbound after the nuclear reaction, Eq.(1).
In other words, the final atomic system is the positively charged helium ion 4 He + . For an atomic system containing fast and slow sub-systems the corresponding probability is written in the form (see, e.g., [5] )
where V α is the velocity of the He + ion after the reaction, Eq.(1) and ρ respectively. The exponential factor in this formula is the appropriate Galilean factor. The expression, Eq.(2), follows from the formula for the Galilean transformation r → r − Vt of the wave function of a single particle with the mass m
where V =| V |. In the limt t → 0 and in atomic unitsh = 1, m e = 1, e = 1 one finds from this formula for a one-electron wave function
where Ψ ′ (r) is the spatial wave function of the system moving with the constant speed V.
The formula, Eq.(2), for three-electron wave function follows from the last equation.
The generalized one-electron density matrices in Eq.(2) are simply related with the corresponding wave functions of the bound states, e.g., for the Li atom
where Eqs.(4.1.5) -(4.1.6) of [6] . The generalized one-electron density matrix for the one-electron
It contains only one integral over spin variables of the electron 1.
If the tritium atom is formed during the nuclear reaction, Eq.(1) in the three-electron Li atom, then we can write the following formula for the final state probability P if
where ρ T (r 14 , r ′ 14 ) is the generalized one-electron density matrix of the tritium atom. and V t is the velocity of the tritium nucleus after the nuclear reaction, Eq.(1). The definition of the ρ T (r 14 , r ′ 14 ) matrix corresponds to the definition given in Eq. (6) . In Eq.(6) the notations T and t stand for the tritium and and tritium nucleus, respectively, while V t is the velocity of the tritium atom and tritium nucleus after the nuclear reaction, Eq.(1).
For the helium atom product (two bound electrons) the final state probability P if is written in the form 
where V α is the final velocity of the α−particle after the nuclear reaction, Eq.(1). The generalized two-electron density matrix of the three-electron Li atom is defined as follows
where we have used the factor N(N − 1) in the front of the generalized density matrices [6] . In some cases, however, it is better to use a different definition of the density matrices with the unity factor in front of them. The generalized two-electron density matrix of the 
In the case of nuclear reaction, Eq.(1), in the three electron Li atom we need only oneand two-electron generalized density matrices, since the negatively charged helium ion (He − )
is unstable. Note that all these integrals mentioned in the expressions for the probabilities, Eq.(2), Eqs. (7) - (8) and generalized density matrices, Eqs. (5) - (6) and (10), include the wave functions of the bound few-electron atoms and ions. These wave functions must be determined from accurate atomic computations, whose construction is discussed in the fourth Section.
III. ALTERNATIVE APPROACH BASED ON THE WAVE FUNCTIONS
The approach described above is based on the explicit construction of the few-electron density matrices. This method is useful for general theoretical analysis. However, in numerical applications, e.g., to determine the final state probabilities of the actual processes, it becomes a very complicated procedure. In general, even approximate evaluations with this method require an extensive analytical and computational work. In many cases, the method based on the use of the density matrices leads to a substantial loss of the numerical accuracy. Therefore, it is crucially important to develop another (or alternative) method which can be used for accurate numerical evaluations of the final state probabilities. After extensive numerical research we developed a new method for approximate evaluation of the final state probabilities in the case of the reaction, Eq.(1), and for other similar processes.
This method is based on the use of the wave functions (i.e. it does not need any density matrix). Our procedure and its numerous advantages are described here.
In the previous Section we have assumed that all wave functions used in this study It is clear that this problem will be avoided if we can use the wave functions which depend upon the electron-nuclear coordinates only. Indeed, let Ψ Li (r 1 , r 2 , r 3 )(= Ψ(r 14 , r 24 , r 34 )) be such a variational wave function of the ground 2 S−state of the Li atom. This wave function is represented in the following form
where C kmn are the numerical coefficients, while φ i (r) are the unit-norm radial basis functions which form a complete set of pair-wise orthogonal functions defined on the semi-interval [0, +∞). Let us assume that the wave function of the final He atom from the reaction Eq.
(1) is represented in the similar form
All these wave functions Ψ Li (r 1 , r 2 , r 3 ) and Ψ He (r 1 , r 2 ) must be properly symmetrized upon all electron variables. Furthermore, without loss of generality we shall assume that these wave functions have unit norms.
As we mentioned above the final He atom formed in the reaction Eq. (1) is moving with the constant speed V . Our first goal in this Section is to evaluate the probability to form the two-electron He atom during the reaction, Eq.(1). With the factorized wave functions, Eqs. (19) and (12), the final state probability can be determined as the result of the following two-stage procedure. At the first stage by calculating the integral
we determine the two-electron sub-wave function Ψ Li (r 1 , r 2 ) of the Li atom. At the second stage of the method we need to compute the following integral
which coincides with the probability amplitude. The actual computations are reduced to the numerical summation of some special one-dimensional integrals with the spherical Bessel functions j 0 (x). In general, the probability amplitude M, Eq. (14), may include other Bessel functions j L (V r i ) with L ≥ 1, depending upon the final state of the He atom, but we do not want to discuss this aspect here. In reality, all such calculations are substantially simpler than computations based on the use of the density matrices (see Section II above). The advantage of the factorized wave functions, Eqs. (13) - (14), for our problems is obvious.
Indeed, such functions approximate the bound state wave functions to a sufficiently high accuracy. On the other hand, for these functions we can easily perform partial and/or complete Fourier transformations which are needed to determine the final state probabilities.
For the He + ion product in the reaction Eq.(1) the expression for the probability amplitude is written in the form
where the one-electron sub-wave function Ψ Li (r 1 ) of the Li atom is
For the tritium atom T product the probability amplitude takes analogous form
Note again that all analytical and numerical computations with the factorized wave functions are simple and straightforward. Our method of construction of the approximate few-electron wave functions corresponds to the model of independent (or quasi-independent) electrons.
Nevertheless, it provides sufficient numerical accuracy in actual applications, e.g., to the nuclear reaction, Eq.(1) (see below).
IV. VARIATIONAL WAVE FUNCTION OF THE LITHIUM ATOM
To determine the final state probabilities we need to construct the accurate variational wave functions for the incident and final atomic systems involved in the reaction, Eq.(1).
In our earlier paper [8] we have calculated the final state probabilities to form one-electron atoms and ions in those cases when exothermic nuclear (n; t)− and (n; α)−reactions occur in one-electron atoms/ions, i.e., both incident and final atomic systems contain only one bound electron. In this study we deal with the actual three-electron wave function of the incident 6 Li atom and two-electron wave function of the final 4 He atom. Also, we consider the formation of the one-electron He + ion, tritium atom 3 H (or T) and two-electron negatively
First, let us discuss the construction of the three-electron variational wave function for the Li atom. Without loss of generality, below we restrict ourselves to the consideration of the ground 2 S(L = 0)−state of the Li atom. As is well known (see, e.g., [9] , [10] ) the accurate variational wave function of the ground (doublet) 2 S(L = 0)−state of the Li atom is written in the following general form
where ψ L=0 (A; {r ij }) and φ L=0 (B; {r ij }) are the two independent radial parts (= spatial parts) of the total wave function. Everywhere below in this study, we shall assume that all mentioned wave functions have unit norms. The notations α and β in Eq. (18) stand for the one-electron spin-up and spin-down functions, respectively (see, e.g., [11] The actual atomic wave function in an atomic system must be completely antisymmetric with respect to all electron spin-spatial variables. For a three-electron wave function this requirement is written in the formÂ 123 Ψ(1, 2, 3) = −Ψ (1, 2, 3) , where the wave function Ψ is given by Eq. (18) andÂ e is the three-particle (or three-electron) antisymmetrizerÂ e = e−P 12 −P 13 −P 23 +P 123 +P 132 . Hereê is the identity permutation, whileP ij is the permutation of the i-th and j-th particles. Analogously, the operatorP ijk is the permutation of the i-th, j-th and k-th particles.
Suppose that the three-electron wave function of the Li atom has been constructed in the form of Eq. (18) . By applying the antisymmetrizerÂ 123 to the first part of the total wave function, Eq. (18), one findŝ
where the notations (P ij ψ) and (P ijk ψ) mean the permutation operators which act on the coordinate wave functions only. Analogously, for the second part of the total wave function one findsÂ
where the notations (P ij φ) and (P ijk φ) mean the permutations of the spatial coordinates in the φ L=0 (B; {r ij }) radial function, Eq.(18). Now, by using the formulas, Eqs. (19) and (20), we can obtain the formulas which can be used in computations of the final state probabilities in the case of nuclear reaction, Eq.
(1), in the three-electron Li atom. For instance, if the final wave function has the same spin-symmetry, i.e. it is written in the form
then the final state probabilities are determined with the use of the following formulas
Note that these formulas coincide with the known formulas [12] which correspond to the doublet → doublet transition in the three-electron atomic systems. Briefly, this means that the both incident and final atomic states contain three-electrons in the doublet spin configuration (the total electron spin equals If the final state of the 4 He atom is the triplet state (tr), then the formulas for the final state probabilities take the form
These formulas indicate clearly that the probability to find the 4 He atom arising during the nuclear reaction, Eq.(1), in its triplet spin state(s) is not zero. In all earlier studies the transitions to the final atomic states with different spin states was ignored (never considered).
V. FORMATION OF THE TRI-ELECTRON
As mentioned above the two nuclear fragments formed in the reaction, Eq.(1), move with very large velocities. They leave the reaction zone very quickly for a time which is significantly shorter than a typical atomic time τ a =h 3 mee 4 ≈ 2.42 · 10 −17 sec. The three negatively charged electrons e − remain in the reaction zone substantially longer. The arising quasi-stable system of three electrons e − 3 is called a three-electron, or tri-electron. It is clear that the tri-electron is not a stable system and after some time it will be destroyed by the Coulomb repulsion between electrons. However, in some cases such a destruction takes a relatively long time which is sufficient to detect it experimentally and measure some of its properties. A combination of the stabilizing electric and magnetic fields can be used to increase the life-time of a tri-electron. Some of the properties of the e − 3 system can be studied by using modern methods of the femto-and attosecond physics. Experimental interest to study such new systems cannot be overestimated.
The 'quasi-atomic' tri-electron system has a large number of unique properties and can be considered as a light quasi-atom which has no central (i.e. heavy), positively charged nucleus. In the case of reaction, Eq.(1), the spin-spatial symmetry of the three-electron wave function exactly coincides with the corresponding symmetry of the wave function of the ground 2 S-state of the Li atom.
VI. CALCULATIONS
In this study we have developed an approximate procedure to construct the bound state wave functions of the three-electron atoms and ions. This procedure can be used to perform numerical evaluations of the final state probabilities in the case of the nuclear reaction, Eq.(1), and for the β − -decaying isotopes of the three-electron atoms [13] . In this approach the trial wave function is constructed as the sum of various terms and each of these terms Note also that in atomic physics based on the Hartree-Fock and hydrogenic approximations the ground state in the Li atom is designated as the 2 2 S−state, while in the classification scheme developed in highly accurate computations the same state is designated as the 1 2 S−state because it corresponds to the first eigenvalue of the Hamiltonian matrixĤ.
This classification scheme is very convenient for truly correlated few-electron wave functions which represent situation where there are no good hydrogenic quantum numbers. Nevertheless, to avoid conflicts between these two classification schemes in this study we follow the system of notation used earlier by Larsson [9] which designated this state of the Li atom as the 'ground 2 S-state'.
The advantage of the basis functions, Eq.(28), for numerical calculations of the final state probabilities for the reaction Eq.(1) is two-fold: (1) these trial wave functions allow one to obtain relatively accurate approximations for atomic three-electron wave functions; and (2) all required Fourier transforms are easily performed for such trial wave functions since they do not include electron-electron coordinates. Note also, that approximate two-electron wave functions of the He atom and/or H − ion can be constructed in analogous form which contain only electron-nucleus coordinates, e.g.,
Some probabilities (in %) of observing selected electron final states in the helium ion 4 He + and tritium atom 3 H arising in the exothermic nuclear reaction Eq.(1) of the threeelectron lithium-6 atom can be found in Table II . In calculations included in Table II we have assumed that the incident Li atom was in its ground 2 S−state. Also, we assume that the nuclear (n; t)−reaction, Eq.(1), proceeds is produced by thermal and/or slow neutrons.
VII. BREMSSTRAHLUNG
As we have mentioned above the two positively charged atomic nuclei created in the nuclear reaction, Eq.
(1), with thermal neutrons move with substantial velocities in the two opposite directions. In general, these two positively charged nuclei will produce acceleration of electrons which still remain in the reaction zone. In turn, the accelerated electrons will generate emission of radiation. It appears that the spectrum of this radiation essentially coincides with the known spectrum of bremsstrahlung (or breaking radiation). In this Section we discuss the basic properties of radiation emitted during the nuclear reaction, Eq.(1), in three-electron 6 Li atom.
Note that the reaction, Eq.(1), is a fission-type reaction in a three-electron atomic system.
The original nucleus decays into two electrically charged fragments which are rapidly moving away from each other. The general theory of radiation emitted during such processes was developed in our earlier studies (see, e.g., [8] , [14] and references therein). Atomic electrons from outer electronic shells become free during this fission-type nuclear reaction in an atomic nucleus. These free electrons interact with the rapidly moving nuclear fragments and such an interaction can produce breaking radiation or bremsstrahlung. Here we want to derive the explicit formulas for this radiation and investigate its spectrum. The electric charges and velocities of these fission fragments are Q 1 e, Q 2 e and V 1 , V 2 , respectively. To simplify all formulas below, we shall assume that the both fission fragments move along the Z−axis.
Furthermore, in this study we restrict ourselves to the consideration of the non-relativistic processes only (i.e. the two velocities V 1 , V 2 are significantly less than the speed of light c in vacuum). The case of arbitrary velocities is discussed in [14] .
The electron acceleration is directly related to the second time-derivative of the dipole moment, i.e.d = er, where d is is the dipole moment. In the case of fission-type reaction in atomic systems the explicit formula for electron's acceleration is
where
The notations V 1 and V 2 stand for the velocities of the two fission fragments. The second time-derivative of the dipole moment isd
where R 1 = (x, y, z − V 1 t) and R 2 = (x, y, z + V 2 t) are the three-dimensional vectors. The intensity of the non-relativistic bremsstrahlung from a fission-type reaction in a one-electron atomic system is
where θ is the angle between the vectord and vector n which designates the direction of propagation of radiation. The notation Q in the last equation stands for an arbitrary electric charge. This value can be considered as an output parameter. In particular, one can choose
For a N e −electron atomic system the last formula takes the form
This formula can be re-written in the form
for the differential cross-section. Our derivation of these formulas is based on the fact that radiation emitted by different post-atomic electrons is non-coherent. Indeed, the three free electrons arising during the reaction, Eq.(1), are independent quantum systems and they move as 'random' particles. It can be shown that the 'randomization' of the phases of the electron wave functions is directly related to the electron-electron repulsion which was 
and
where a is the 'effective' radius of the original electron shell and η is the angle between the electron acceleration and Z−axis (or the line along which the two nuclei are moving).
Note that the spectrum of the emitted radiation depends upon cos η, as for all fission-type reactions and processes. The lower limit in these formulas is zero, but, in reality, we cannot use times t which are shorter than τ = a c
. Formally, this means that the lower limits in Eqs.(36) and (37) can slightly be changed and this can be used to simplify the explicit formulas for the corresponding Fourier components. The actual upper limits in Eqs. (36) and (37) are also finite. For instance, it is possible to obtain a very good approximation for the integrals, Eqs.(36) and (37), by using the upper limit 10a V
. In actual situations one can use the formula exp(ıx) = cos x + ı sin x and then calculate all arising integrals numerically, or by using analytical formulas from the Tables of Fourier sine/cosine transformations (see, e.g., [15] ).
To produce the explicit formula for the spectral functions I 1 (ω; a V , V, cos η) and
, V, cos η) we note the following relation between these two functions:
This formula substantially simplifies the computation of the Fourier transformations. Moreover, a very good approximation for the I 1 (ω; a V , V, cos η) function is:
where b = a sin η V and K 1 (x) is the MacDonald function (see, e.g., [16] ). The formula, Eq.(39), describes the spectrum of radiation emitted by one electron accelerated by rapidly moving atomic fragments from the nuclear (n, 6 Li; 4 He, t)−reaction. The actual spectra emitted during the nuclear (n, 6 Li; 4 He, t)−reaction in the three-electron Li atom can be different from the spectrum predicted by the formula Eq.(39) since we have ignored all contributions from the electron-electron repulsion(s). It is interesting to study such radiation in detail.
In general, the intensity of bremsstrahlung from the reaction, Eq.(1), can be amplified by accelerating the incident 6 Li atom or 6 Li + ion to very large velocities.
VIII. CONCLUSION
We have considered the nuclear reaction, Eq.(1), with the thermal/slow neutrons in the three-electron Li atom. It is shown that a number of different atoms and ions can be formed during this reaction. This also includes the formation of the electrically charged tri-electron e − 3 ion which is a quasi-stable negatively charged ion. It has the same (doublet) symmetry as the wave function of the incident Li atom. We have developed an effective method for accurate evaluation of the final state probabilities, i.e. probabilities to form different atomic species in a variety of bound states. This method is based on the use of special three-and two-electron wave functions of the Li and He atoms, respectively, whose explicit form allows one to obtain accurate numerical results for all bound state properties of the incident and final atoms/ions. On the other hand, for the same wave functions it is easy to perform all complete and/or partial Fourier transformations needed in calculations of the final state probabilities. The spectrum of the emitted radiation has been investigated. It is shown that such a spectrum essentially coincides with the known spectrum of bremsstrahlung emitted by the accelerated electrons.
Our procedure can now be used for the more complicated nuclear (n; α)−reaction in the five-electron B-atom (see Appendix). The (n, 10 B; 7 Li, α)−reaction on this atom is of great interest in a number of applications, e.g., in medical physics (BNCT). The Li-atom/ion and He-atom/ion which are formed during this reaction may contain up to three and two electrons, respectively. These atomic fragments move rapidly, with the velocities v Li ≈ 2.40896 cm · sec −1 and v α ≈ 4.21568 cm · sec −1 in the case of slow neutrons. The sudden approximation can certainly be applied to the He-atom and He-like ions. However, this approximation cannot be used for internal electrons (or 1 2 s−electrons) of the Li atom/ion, since the velocities of these two electrons are comparable with the final velocity of the 7 Li nucleus. It is very likely that the probability to observe the 7 Li 2+ ions after Eq.(40) will be relatively small ≤ 5 -10 %, while analogous probability for the 7 Li + ions will be relatively large (≥ 50 %).
(d, t)−reactions. Briefly, by using the 6 LiD deuteride in modern thermonuclear explosive devices we can reduce the required compressions to relatively small values. In many cases such compressions are dozens times smaller (usually, in 25 -40 times smaller [18] ) than compressions required for any other (solid) thermonuclear fuel, e.g., 7 LiD deuteride. On the other hand, by using compressions which are provided by a standard 'primary' nuclear charge one can create extremely compact thermonuclear explosive devices based on 6 LiD deuteride. The idea to use pure 6 LiD deuteride in thermonuclear explosive devices was originally proposed by V.L. Ginzburg in 1948-1949 (see discussion and references in [17] ).
Some other (n; t)−, (n; p)− and (n; α)−reactions are often used in different applications.
For instance, the nuclear reaction of 10 B nuclei with slow neutrons 10 B + n = 7 Li + 4 He + 2.791 MeV
is extensively used in the boron neutron capture therapy (BNCT, for short), or boron neutron-capture synovectomy [19] - [23] , to treat different forms of cancer, including brain cancer. The fast α−particle produced in the reaction, Eq.(40), kills (or at least 'badly damages') one cancer cell before it finally stops. The modern applications of this reaction to cancer treatment are based on the use of molecules which contain a large number of semi-exponential radial basis functions, Eq.(7). This wave function produces the total energy E = -7.44859276608 a.u. for the ground 2 S−state of the ∞ Li atom. Only one electron spin-function χ 1 = αβα − βαα was used in these calculations. 
